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I. INTRODUCTION
Consider the linear switched system is Hurwitz. Assumption 1 is a necessary (but not sufficient) condition for GUAS of (1) .
Recently, the problem of establishing conditions that guarantee GUAS of (1) has attracted considerable interest [2] - [7] . A natural idea, first suggested by Pyatnitskiy and his colleagues [8] , is to try and characterize the "most unstable" switching law. If the corresponding trajectory is asymptotically stable, then so are all the other trajectories. Thus, the problem can be reduced to analyzing the behavior of this single trajectory. The "most unstable" switching law can be characterized using variational principles (see the survey paper [9] Positive linear systems play an important role in system and control theory because in many physical systems the state-variables represent quantities that can never attain negative values (see e.g. [10] ).
If both A 0 and A 1 are Metzler and x x x 0 2 n + , then we refer to (1) as a positive linear switched system (PLS). PLSs were used for modeling communication systems [11] and formation flying [12] (see also [7] ).
Mason and Shorten [13] , and independently David Angeli, posed the following conjecture.
Conjecture 1: A PLS that satisfies Assumption 1 is GUAS. Recently, Gurvits, Shorten, and Mason [14] proved that this conjecture is true for the case n = 2 (even when the number of subsystems is arbitrary). This result was also proved using the variational approach in [15] . Gurvits, Shorten, and Mason [14] also showed that Conjecture 1 is in general false. As noted in [14] , this naturally raises the following question. What is the minimal integer n p for which there exists a PLS that satisfies Assumption 1 but is not GUAS?
In this technical note, we solve this problem by presenting a specific 3-D system for which Conjecture 1 is false. Since n p > 2, this proves that np = 3.
The remainder of this note is organized as follows. The next section provides a brief review of the results in [14] . Section III presents a specific 3-D counterexample to Conjecture 1. The final section concludes.
II. GURVITS ET AL. COUNTEREXAMPLE
In this section, we explain the construction in [14] . The first step is an argument that allows transforming a linear switched system with an invariant cone into a PLS. 
Then
with Z(0) = x x x(0)x x x 0 (0). Since the original system is not GUAS, it follows from (2) that so is the switched system (3) (see also [17] for some related considerations). The system (3) evolves on the cone of symmetric non-negative definite matrices. It is possible to approximate this cone, to arbitrary accuracy, using a proper polyhedral cone. It follows from the arguments above that this yields a PLS that satisfies Assumption 1 yet is not GUAS. This elegant construction proves that Conjecture 1 is, in general, false. Note that the dimension of the resulting PLS is k, where k is the number of vertices defining the approximating polyhedral cone. Intuitively, this suggests that constructing an explicit counterexample using this scheme is non trivial and, furthermore, that the resulting PLS will have a very large dimension.
III. A THREE-DIMENSIONAL COUNTEREXAMPLE
From here on we consider the switched system (1) Since > 1, this implies that the switched system admits a trajectory x x x(t), with x x x(0) = , corresponding to a periodic switching law, such that x x x(t) is unbounded. Hence, the switched system is clearly not GUAS. , which is an eigenvector of A1, and then converges, of course, to the origin. Summarizing, by properly combining the transient behaviors of the two linear subsystems, it is possible to obtain a diverging trajectory of the switched system. This is of course the standard mechanism yielding instability in a switched system that satisfies Assumption 1. The fact that the system is a PLS does not preclude the possibility of this mechanism here. The interesting question is then why Conjecture 1 does hold for the case n = 2. As noted above, two answers to this question can be found in [14] , [15] .
IV. CONCLUSION
We considered an n-dimensional PLS satisfying the following condition: every matrix in cofA 0 ; A 1 g is Hurwitz. This condition is necessary for GUAS, and several researchers conjectured that for PLSs it is also sufficient for GUAS.
Recently, Gurvits, Shorten, and Mason showed that this conjecture holds for n = 2, but is not true in general. In other words, there exists some finite integer n p such that the conjecture is true for all n < n p , but is not true for n = np.
In this technical note, we presented a 3-D counterexample to this conjecture. Since n p > 2, this proves that n p = 3. This result provides another demonstration of the fact that linear switched systems, even in relatively low dimensions, may exhibit surprising and non trivial behavior. It also suggests that new behaviors may emerge when we move from the planar case n = 2to the 3-D case n = 3. This is perhaps not surprising, as linear switched systems behave, in many respects, as nonlinear systems.
